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4.4 GP classification — 315235
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Comment 4.1 — The Newton—Raphson method: The Newton—-Raphson
method (also known as the Newton method) is a general method for finding
points where functions are equal to zero, i.e., finding points where the function
f(z) = 0. Given a current estimate of the zero point, x,, we update it by
moving to the point where the tangent to the function at z, passes through
the z-axis. This point can be computed by approximating the gradient as a

change in f(z) divided by a change in z. Defining df(x)/0z as f'(z),

’ _ f(Tn) —0
f (:I:”) a Tn — Tn+1
(mn - 11/'n+1)f/('7’.") = f(a’.")
R (5
" P

The method can also be used to find minima and maxima, as these are simply
points where the gradient passes through zero. Therefore, we simply replace
f(z) with its derivative f’(z) and f’(x) with its derivative f”(z):
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This is readily extendable to functions of a vector — say x. In this instance,
f’(an) is replaced by the vector of partial derivatives evaluated at x, and
1/f"(zn) is replaced by the inverse of the Hessian matrix (see Comment 2.6)
~ 0%f(x)/0x0x" — evaluated at x = xp,.




4.4 GP classification - 2k 5RTE f HEE D fp(|t;x) - 7% @D : Newton-Raphson 77i% (MAP = (&)

® Newton-Raphson 75i% (MAP&{&1T) : f = argmaxlogp(t|f) + log p(f; x)
f
- D% BENIEK T, 4 g = logp(t|f) + logp(f; x). Iteration 0 -> Iteration 1 -> lteration2  =>
- B K g0 W - “HSHERE. . . o o A 0 %
o)
da(f 1 1 (@) 1
—HS&: %:q‘c_lf BHb,q=[91,q92 v, @n=tn—F, <+ 0@ @0 © @0 00 <« o . o
-1 -1 4 -1 Q@
P, =p(t, = 1. -2 2{® op © 21@
-3 -3 -3 o ®
azg(f) P1(1 - Pl) . 0 DIO UIZ 0‘4 0‘6 ()IS DIO UIZ 0‘4 0‘6 OIS DIO UIZ 0‘4 0‘6 0‘8
¥ o7 =-P-C'|Hf,P= 5 5 . ‘ ' x ' ‘ ' x ' ‘ ' X ‘
ofof 0 o Py(1—Py) , . . .
N N lteration 3 -> lteration 4 Iterations overview
- EO S HYE f RA—B. ZHSEUER ] o % 7 o )
11 o 14 o 1
Cweer | e e (29®\T| ag(® o] o o] e o]
FOH EHL f<—f—<afafT> el . .
f e . 2o . ]
- EOHEE O~ EERMK ’3'0,0 '0’,2 — Gl e | | . S ‘
s TOH: B  f=[-23-30-30-27-091419,2629,26] X X Iter Step
e (f ¢ N T_C ?f c Teot B R77%E Newton-Raphson 7SR ERS (F D H) b, BRETEf LK
. sl: *; ,X* — *; *'z* . *=R —_ ,z*: *_R —_ R
ﬁ/ p( ) ( 2 ) 23 _ RTC_lR — ¥+
° T?EE’\JTEJEE ﬁuEEFEH—:, Newton-Raphsonj‘i;‘f 3 SRR " 0 . 0.04
BRBEWBS K (Y BEFIFTUNN), ?  amrns ;ﬁfﬁ\ S B
(ERBERE— (FEY HITERBEE). * [/ Y - |
t'_ 0 x le) 0.02
- JFEE: EiEEAAfG kTN, miFREERE « M “o
TE f NAFEN, B p(flt;x). -2 ; 2 = ° *‘Ef‘ﬁ%ﬂ'zgfﬁi o, e
— M ) 0.00

® J7i% @ Laplace approximation 73%: 348 o 07 04 55 05 10 X
. = S, =T+~ X
p(fltx) ML EARMERTNNTE. munmnrsss GUSS) LEDLRBFERKSS o = 10, y = 10 i, FEZATNAHL FiH B EIEHE (C', RTCR, £



4.5 GP classification — 3k 5T E f HER D Hp(f|t;x) - 77% @ : Laplace approximation J33% (GE{LEE 49 70)

p(tiDp(f;x) _ g(f;x)
[ptIH)p(f; x)df 7

® MTHKIFREEfNEEDH p(flt;x)? = p(flt;x) = , 9(6) = ptIDp(£;x), Z = [ p(tiH)p(f; x)df.

® Laplace approximation 753%: FI A A BN (f nr, Zr), IEMEE S p(flY), B | p(ltx) = N(f npxy)

- % @ %: FH Newton-Raphson J73%3k18 MAP & fkit f.

Comment 4.3 — Taylor expansions: The Taylor expansion is a way of
approximating a function. The approximation is always made ‘about’ some

f ¢ S 4=
¢ % @ 5: ;I% logp(flt: X) = 108% = 1Ogg(f) - logZ ?:E f=f ﬂﬁﬁ%%ﬁﬁ value — the approximation will tend to diverge from the true function as we

move away from that value. The definition of the Taylor series of f(w) about

logp(£1t) = log g(F) —logz + (= £) - 229] + Le_py7. (29D ¢y .. & ) w)
sPUIL =089 & of |72 ofofT )| D T
f n=|
lW\AI\NV\/V\/\ where 6:95;”) _is the nth derivative of f(w) with respect to w, evaluated at
EHom —RW=0 =R w. When n = Olj this derivative is simply the function f(w). If we only compute
1 5 a finite number of terms, we will have an approximation to the function. A
AT £ a-g(f) first-order approximation would just include terms n = 0 and n = 1 — an
logp(flt) ~ logK —=(f—f) v -(f—f LR3I 3 &S = — pp J
gp( I ) & 2 ( ) ( ) HHIRRHZEW, #2V (afafT) nth-order approximation includes all terms up to and including term n. For
é\/ example, we can approximate f(w) = exp(w) at @ = O:
1 T - A ~ w o w? N
log N (f;mp Z) =logk = (f—mp) - Z70-(f-wp) | pgamp, =f I = v exp(w) = exp(@) + Ty exp(@) + - exp(@) +

Now, exp(w) =1, s0 Second order

~ azg(f) w? w? Third order
. %' @ 5: $ﬁ’.l:|:ll p(flt) = N(f, llf,Zf), ﬁqﬂ,pf =f, Zf = — < FTFTil exp(w) = 1+% T —I— o Toar T 5 Jo— 5/
. . pug HTRERNEN
f The approximation will get better REEF IR T

and better as we add more and —— ) - |

more terms. This can be seen in the First order

o Tl p(f |t x,x*) = [ p(£*|f,x")p(F|t; x)df e on the right ja

S - SR S~ S S U N - B




4.5 GP classification — 382 & f HER D7 p(fIt;x) - 3% @ : Laplace approximation 773% GE{UEE 2 7)

- N : 0”90\~
® Laplace approximation 755%: FIREEHNEN (f; us, 2r), ISR p(f[), B | p(fltx) =~ N(fnp, Zp), B, up =15, = - ( afafT>
o o } ¢
@itz . - <}*% TiiE @A. Newton-Raphson FM4E R
Ti—HHW - | } p(F'1, 6% x") = NV (F 0", 2.
FUWME £ BRI R : 2 2 ] } H* — RTC_lf, ¥* =C*—RTC IR |
Xg -4
“ Y S Y RN RR SIEETF £ T |,

Xo X1 X2 X3 Xa Xs Xg X7 Xg Xo

M R% 2 p(flY) M= L,

773k @ : Laplace approximation T4 £
p(f*|t x,x* ) = V(5 ", 2%)
W =RTC7'f, Z* = C" —RTC'R+RTCT'LC7'R

X
N ALETR

® Ful: p(f* |t x,x*) = [ p(f*|f, xIp(f|t; x)df ~ [ N (£*|f; xIN(F; py, 2 )df, B

FIALE: [ NV (a;Bc,D)N(c; e, F)dc = N(a;Be,D + BFBT)

A NNANANNNNN
ERSTERHTTE S, SHMTONE I (RRER f‘/

0
_____ N 0.04 6
41 0.2 ® 0.2 ; -
¢ 0.03
2 0.4 ° 0.4 S 4 - X
xné o 0.02 % b, 4 ~ b
o8 * "t s 1 = o8
o :
i e R 1.0 ° 1.0
* : : : : 0 02 04 06 08 1.0 0 02 04 06 08 10
-4 1 — b - X X x "
‘ ‘ I I I | % I f*;‘éﬁgél:% C* . RTC—lR + RTc—lsz—lR — z*
0.0 02 0.4 y 0.6 08 1.0 0.0 02 0.4 y 0.6 08 1.0 FEXSRBFZERSE « = 10, v = 10 B, KEFATONAHL BT R L4ERE (C,RTCTIR, %)

Bk, Laplace approximation @iZiEUFE 2% p(f|t; x)

737% @D: Newton-Raphson T4 £ 75i% @ Laplace approximation T4 £ IR AR MR (52 T°) WEEE N

o - N oW IS o o
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